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We investigate the linear thermoelectric response of an interacting quantum dot side-coupled by one of two
Majorana fermions (MFs) formed at the ends of a topological superconducting wire. We employ the numerical
renormalization group technique to obtain the thermoelectrical conductance L as well as the electrical conduc-
tance G when the background temperature T and the dot gate are tuned. We distinguish two transport regimes
in which L displays different features: the weak- (Γm < TK) and strong-coupling (Γm > TK) regimes, where
Γm and TK are the Majorana-dot coupling and the Kondo temperature, respectively. For an ideal (infinitely
long) nanowire where the Majorana end states do not overlap (m = 0), the thermoelectrical conductance L
in the weak-coupling regime exhibits a peak at T ∼ Γm. This peak is ascribed to the anti-Fano resonance
between the asymmetric Kondo resonance and the zero-energy MF mode. Interestingly, in the strong-coupling
regime, the Kondo-induced peak in L is shifted due to the MF-induced Zeeman splitting in the dot. For finite
but small m > 0, the interference between two MFs restores the Kondo effect in the dot in a smaller energy
scale Γ′m and gives rise to an additional peak in L at T ∼ Γ′m, whose sign is opposite to that at T ∼ Γm. In
the strong-coupling regime this additional peak can cause a non-monotonic behavior of L with respect to the
dot gate. Finally, we examine the case in which an ordinary spin-polarized fermion is coupled to the dot and
identify the fingerprint of MFs by comparing two cases.
PACS numbers: 72.15.Jf, 73.63.Kv, 72.10.Fk
I. INTRODUCTION
The advent of topological materials [1] has ignited a
tremendous interest of the realization of quantum operations
in platforms immune to decoherence processes [2]. A promi-
nent feature of such materials is that they exhibit quasipar-
ticle excitations similar to the elementary particles predicted
by Ettore Majorana [3] and named Majorana fermions (MFs)
[4–7]. In particular, the exoticness of such particles is that
they coincide with their own anti-particles. The enormous in-
terest generated by Majorana quasiparticles in solid state sys-
tems resides in the possibility of creating such excitations non-
locally and manipulate them for quantum computation pur-
poses [4]. Majorana quasiparticles behave as nonlocal qubits
being resistant to decoherence phenomena. By exchanging
two Majorana quasiparticles a non-trivial quantum operation
(unitary transformation or braiding operation), is performed.
Indeed, braiding manipulations among Majorana quasiparti-
cles are the fundamental basis for the realization of topologi-
cal quantum computation [2].
There are a plethora of proposals for the observation of Ma-
jorana quasiparticles in a diverse of solid state setups: quan-
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tum Hall states, p-superconductors, or topological insulators
[4, 8–12] among others. Nevertheless, the first signatures
of the occurrence of such exotic excitations was reported in
quasi-one-dimensional semiconductor nanowires [13]. This
system consists of a nanowire with strong spin-orbit interac-
tion put in proximity to a superconductor, and exposed to a
magnetic field [14–22]. The experimental evidence of such
quasiparticles [13, 23–26] was realized by means of tunnel
spectroscopy. However, so far, these evidences are not to-
tally conclusive. In these experiments, the appearance of
a zero-bias anomaly (ZBA) in the nonlinear conductance is
ascribed to the Majorana physics. Nevertheless, recently it
has been pointed out that other sources of ZBA in normal-
superconductor nanowires can occur. For instance, Kondo
physics or Shiba states [27–29] or even nearly zero energy
Andreev states [30, 31] and weak antilocalization [32] cannot
be discarded as explanations of the observed ZBAs. There-
fore, the detection of the MFs is now a dire challenge. Most
of schemes for the detection up to now are exploiting the elec-
tronic transport involving the MFs. And only very recently
the thermoelectric properties of Majorana fermion are exam-
ined and suggested for another way to distinguish Majorana
physics from other explanations [33, 34]. Since the MF has
the particle-hole symmetry itself, thermoelectric devices in-
volving only the MF cannot generate any temperature-driven
charge current nor electric-field-driven heat current. Hence,
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2an additional quantum object which breaks the particle-hole
symmetry should be incorporated. The recent studies [33, 34]
have coupled the MF to the simplest quantum object, that is,
a spinless quantum dot (QD) and controlled the particle-hole
symmetry by tuning the dot level. It turns out that the MF
can give rise to a non-trivial thermoelectric response upon a
thermal bias across the QD [34].
Interests for the reciprocity between heat and charge cur-
rents has been revived in systems at nanoscale [35, 36]. The
electric response to a temperature gradient, in nanostructures,
can achieve much bigger values in efficiency compared with
macroscopic samples [37–40]. The main reason for such high
heat-to-electricity conversion factors resides in the intrinsic
quantum property of energy level discretization for confined
systems [37]. However, in a more fundamental basis, thermo-
electric transport can reveal rather useful information about
the intrinsic nature of a quantum system [41–43] and about
their interactions [44]. In this respect, our investigation ex-
plores the thermoelectric response to characterize the half-
fermionic nature of Majorana nanowires.
In the context of the MF, mostly the spinless or spin-
polarized QD is chosen because an external magnetic field is
necessary for inducing the MF. However, as long as the Zee-
man splitting in the QD is small enough or the external mag-
netic field is replaced by a proximity induced effective field
due to a ferromagnetic layer, one can consider the case of the
spinful QD in which the Coulomb interaction is highly rele-
vant. In fact, the interplay of the Coulomb interaction and the
MF in the Kondo dot side-coupled to a MF [see Fig. 1(a)] is
found to display an interesting transport behavior [45]: The
presence of the MF modifies the Kondo effect profoundly by
reducing the linear conductance by a factor 3/4 or by induc-
ing an effective Zeeman splitting on the QD, which leads to
spin-split Kondo resonance.
In Ref. [45] some of the authors of this work investigated
the interplay of Majorana and Kondo physics in the elec-
trical conductance. Here, the purpose is to study the ther-
moelectric response of the side-coupled QD-nanowire sys-
tem [see Fig. 1(a)] as a tool to detect Majorana quasipar-
ticles. A temperature difference is established between the
FIG. 1. (Color online) Quantum dot system coupled to two normal-
metal leads (by tunneling rates ΓL(R)) and to (a) the MF state formed
at one end of a topological superconductor wire and (b) the spin-
polarized (SF) ordinary fermion state by QD-MF or QD-SF tunneling
rate Γm. Due to the helical property of the MF state, only one of the
spin components (say spin-↓) is coupled to the MF. In the SF case,
the spin is assumed to be polarized in the spin-↓ direction.
two normal contacts coupled to the QD, then the electric re-
sponse is measured. We find that thermoelectric properties
in the Kondo dot-MF system depend strongly on the QD-
MF coupling (Γm), the overlap between two MF end-states
(m), and the Kondo temperature (TK). For the ideal case
(m = 0), due to the anti-Fano resonance between Kondo res-
onance peak and the zero-energy MF mode, the thermoelec-
trical conductance has a finite value at T ∼ Γm in the weak-
coupling regime (Γm < TK). In the strong-coupling regime
(Γm > TK), the induced Zeeman splitting shifts the Kondo-
induced peak in the thermoelectrical conductance. The finite
overlap (0 < m < Γm) leads to the interference between Ma-
jorana fermions and restores the Kondo effect in a small en-
ergy scale Γ′m and the thermoelectrical conductance becomes
finite at T ∼ Γ′m whose sign is opposite to that at T ∼ Γm.
We also consider the case in which the MF is replaced by an
ordinary spin-polarized fermion (SF) and find similarities and
differences between two cases, eventually identifying the fin-
gerprint of MF in the thermoelectric effect.
In Sec. II we introduce the model of Hamiltonian employed
to describe the QD-MF setup and the QD side-coupled to a
spin polarized fermion. Electrical and thermoelectrical con-
ductances are also derived in terms of the local spectral den-
sity for the interacting QD. Sec. III and IV explain our results
for the temperature dependence of the electrical and thermo-
electrical conductances for the QD-MF device and a compar-
ison with the spin polarized fermion model is shown. Section
V is devoted to describe our findings for the gate dependence
of the thermoelectrical conductance, and we finish by enumer-
ating the main conclusions in Sec. VI.
II. MODEL AND METHODS
A. Model Hamiltonian for quantum dot system side-coupled
to Majorana fermion
We consider a two-terminal system in which a QD is tunnel-
coupled to two normal-metal leads and to one end of a topo-
logical superconducting wire (TSW) which hosts two MFs at
its ends [see Fig. 1(a)]. The on-site Coulomb repulsion in
the QD is considered. The voltage bias and/or the thermal
gradient will be applied across the QD. Assuming that the su-
perconducting gap in the TSW is large enough, the effective
low-energy Hamiltonian reads
H =
∑
`kµ
kc
†
`kµc`kµ +
∑
`kµ
[
t`d
†
µc`kµ + (h.c)
]
+ d
∑
µ
nµ + Un↑n↓
+ 2imγ1γ2 + tm(d
†
↓γ1 + γ1d↓).
(1)
Here c†`kµ creates an electron with momentum k, energy k,
and spin µ in lead ` = L,R. Two leads are assumed to share
a same flat-band dispersion k with a half bandwidth D and
density of states ρ. The operator d†µ creates an electron in the
single-level QD with energy d and spin µ: nµ = d†µdµ is
3the dot occupation for spin µ. The Coulomb repulsion in the
QD is denoted by U . As mentioned in Sec. I the QD is con-
sidered to be spin degenerate [45, 46]. This condition can be
achieved by using low g factor material for the QD or by us-
ing proximity with a magnetic insulator to induce the effective
Zeeman splitting in the TSW [47, 48]. The tunneling between
the leads and the QD is quantified by the tunneling ampli-
tude t`, which defines the tunneling rates Γ` = piρ|t`|2. For
simplicity, the tunneling rates are assumed to be momentum-
independent, and the total lead-QD tunneling rate is denoted
as Γ = ΓL + ΓR.
The low-energy Hamiltonian of the TSW is governed by
the two MF operators γi = γ
†
i (i = 1, 2) [49] which satisfy
the Clifford algebra {γi, γj} = δij . In a finite-length TSW
the two MF states have a finite overlap between their wave
functions, which is quantified by the overlap integral m. In
addition, the MF operators can be written in terms of an or-
dinary fermion operator f which satisfies the usual fermionic
commutation relation {f, f†} = 1 as
γ1 =
f + f†√
2
, γ2 =
f − f†
i
√
2
. (2)
In terms of this f operator, the Majorana coupling term in
Eq. (1) can be rewritten as 2imγ1γ2 = m(f†f−1/2), which
means that m is nothing but the energy splitting between
empty (|0〉) and filled (|1〉 = f† |0〉) states. We assume that
the QD is coupled to the nearest MF (say γ1) and that the cou-
pling to the other MF is negligible. The QD-MF tunneling am-
plitude tm characterizes the tunneling rate Γm = piρdot|tm|2,
where ρdot is the density of states in the QD at the Fermi level.
It should be noted that due to the helical property of the MF
states, only one of the QD spin orientations (say spin-↓) hy-
bridizes with the MFs [45, 50, 51].
B. Model Hamiltonian for quantum dot system side-coupled to
ordinary spin-polarized fermion
In order to clarify the genuine effect by the MF it is useful to
compare the MF system with the non-MF system having the
same configuration. Explicitly, we replace the MF operator
in Eq. (1) by an ordinary spin-polarized fermion operator f↓
[see Fig. 1(b)]. In this SF case, the last line of the Hamiltonian
Eq. (1) is changed into
mf
†
↓f↓ + tm(d
†
↓f↓ + f
†
↓d↓). (3)
In fact, the first term is effectively same as the MF coupling
term (except a constant term) if f↓ operator is replaced by
f operator. The difference between two cases arises in the
tunneling term. In the SF case, the second term in Eq. (3)
represents the hopping of an electron between the QD and the
SF level. In the MF case, the tunneling term
tm√
2
[d†↓(f + f
†) + (f + f†)d↓] (4)
includes not only the electronic hopping but also the Cooper
pair creation/annihilation. This superconducting coupling
should distinguish the MF case from the SF case.
C. Linear response: electrical and thermoelectrical
conductances
We are interested in measuring the charge current through
the QD upon the voltage bias and/or temperature gradient be-
tween two terminals [see Fig. 1]. The current is the expec-
tation value of the charge current operator which is given
by the time derivative of the dot occupation
∑
µ nµ. Us-
ing the equation-of-motion technique, the charge current can
be expressed in terms of the retarded QD Green’s function
GRµ (t, t′) = −iΘ(t− t′) 〈{dµ(t), d†µ(t′)}〉 as
I =
4e
h
ΓLΓR
Γ
∫
d (fL()− fR())
∑
µ
piAµ(), (5)
where f`() = (1 + e(−eV`)/kBT`)−1 is the Fermi-Dirac
distribution with the voltage V` and the temperature T` and
Aµ() = −ImGRµ ()/pi is the QD spectral density. Assuming
that the temperature gradient δT ≡ TL − TR and the voltage
bias δV ≡ VL − VR across the leads are small enough, the
charge current can be linearized as
I = GδV + LδT, (6)
where the electrical conductance G and the thermoelectrical
conductance L are given by
G =
e2
h
4ΓLΓR
Γ
∫
d
(
−∂feq()
∂
)∑
µ
piAµ(), (7a)
L =
ekB
h
4ΓLΓR
Γ
∫
d
− F
kBT
×
(
−∂feq()
∂
)∑
µ
piAµ(). (7b)
Here feq() is the equilibrium Fermi-Dirac distribution func-
tion at the Fermi energy F and the background temperature
T . In the low temperature limit the two linear conductances
can be analytically obtained by using a Sommerfeld expan-
sion, then
G ≈ e
2
h
Td(ω)|ω=F , (8a)
L ≈ −kBe
h
pi2kBT
3
∂ωTd(ω)
Td(ω)
∣∣∣∣
ω=F
, (8b)
where Td(ω) = (4ΓLΓR/Γ)
∑
µ piAµ(ω) is the dot transmis-
sion. It should be noted that L becomes finite only if the spec-
tral density is asymmetric with respect to the Fermi level: if
the spectral density has larger weight at |ω| ∼ T in the par-
ticle (hole) part than in the hole (particle) part, L (in unit of
kBe/h) becomes positive (negative) at temperature T .
D. NRG and Kondo regime
The NRG method [52, 53] is known to be highly effective
in studying the effect of the strong Coulomb interaction non-
perturbatively. We have already used the NRG technique for
4investigating the electric property of our system in Ref. [45],
finding very interesting interplay between the Majorana and
Kondo physics. For a full review of the NRG, one can refer
to Ref. [54]. Below we give a brief introduction of the NRG
used in this work.
The NRG method consists in a series of consecutive ex-
act diagonalizations of an appropriately discretized form of
H represented by a linear tight-binding chain. In each par-
tial diagonalization step the spectrum is truncated by retaining
only those low-energy excitations that contains the strongest
coupling terms. Better improvements of the NRG approach
such as the density-matrix NRG [55], the z-averaging, and re-
finement of the logarithmic discretization [56, 57] allows us
to calculate the dynamical properties at higher energies in a
reliable and rather accurate way, which is essential for our
thermoelectric study. The NRG procedure also exploits the
existence of symmetries for better efficiency. Note that this
system has two conserved quantities: [Q↑,H] = [P↓,H] = 0
where Q↑ and P↓ are charge number operator for spin-↑ elec-
trons and parity operator for the sum Q↓ of spin-↓ electrons
and f electrons, respectively. Note that the QD-MFS hop-
ping changes Q↓ by even numbers only. To obtain the elec-
trical conductance G and the thermoelectrical conductance L,
at each iteration in the backward stage, the spin-resolved QD
spectral density Aµ() is calculated
A(N)µ () =
∑
nm
〈n|d†σ|m〉N 〈m|dσρredN + ρredN dσ|n〉N
× δ[− (E(N)n − E(N)m )],
(9)
where |n〉N and E(N)n are the eigenstates and the correspond-
ing eigenenergies obtained at iteration N . The reduced den-
sity matrix ρredN is iteratively calculated in backward process,
starting at the final iteration M which is determined by the
condition that T ∼ TM where TM is the energy scale corre-
sponding to iteration M . At the final iteration, the reduced
matrix is given by [54, 55, 58]
ρredM =
∑
n
e−βE
(M)
n
ZM
|n〉M 〈n| with ZM =
∑
n
e−βE
(M)
n .
(10)
Since we are interested in the Kondo regime, throughout our
work, we have used the following values of the parameters
unless specified otherwise: d = −0.2D, U = D, and Γ =
0.04D using the bandwidth D as the energy unit (D = 1).
III. LONG TSW CASE: m = 0
For an ideal TSW the two MF end states have zero over-
lap. The parameter that quantifies the degree of overlap be-
tween the two end states is denoted by m that is considered
null through this section. Here, we present our NRG results
for both electrical and thermoelectrical conductances in this
case. Indeed, the electric response in the QD-MF setup was
discussed in Ref. [45], however for completeness we briefly
explain the main findings for the electrical conductance and
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FIG. 2. (Color online) Dynamical and electric/thermoelectric trans-
port features in the MF case for m = 0. Left and right panels cor-
respond to the weak- (Γm < TK ) and strong-coupling (Γm > TK )
regimes, respectively: [(a),(b)] QD spin-↑ spectral density, [(c),(d)]
QD spin-↓ spectral density, [(e),(f)] electrical conductance, and
[(g),(h)] thermoelectrical conductance for annotated values of tm.
Here we have used δ = 0.8 (d = −0.2 and U = 1) and Γ = 0.04.
TK = 2.64× 10−4 with these parameters.
discuss in detail the thermoelectrical response of our device.
Importantly, as we discuss below, L exhibits different behav-
iors for the weak- (Γm < TK) and strong- (Γm > TK) cou-
pling regimes.
A. Weak-coupling regime, Γm < TK
First, we investigate the weak-coupling regime (Γm < TK)
[see the left panels of Fig. 2]. When the QD is uncoupled
from the TSW, i.e., when tm = 0, the QD spin-resolved
spectral densities Aµ(ω) [see Fig. 2(a) and 2(c)] exhibit a
Kondo resonance peak located at ω = 0 with a half-width
TK and two side resonance peaks at ω ≈ d, d + U . For
a finite but weak QD-MF coupling (tm > 0), while A↑(ω)
is not affected by the coupling to the MF since the spin ↑ is
not directly coupled to the MF [see Fig. 2(a) and 2(c), for
tm = 0, 10
−3, 10−5], A↓(ω) exhibits a half-dip whose width
is comparable to Γm [see Fig. 2(c)]. The half-fermionic dip
is ascribed to the destructive interference between the Kondo
resonance and the MF states. As a result an anti-Fano reso-
nance occurs due to the half-fermionic nature of the MF state
[45, 59]. The resultant linear conductance G as a function of
5the temperature is shown in Fig. 2(e). At low temperatures
(T < Γm), G = e2/h + e2/2h = 3e2/2h, owing to the
half-fermionic anti-Fano resonance. For larger temperature
(Γm < T < TK) the conductance restores the Kondo unitary-
limit value, 2e2/h, eventually decreasing to 0 for TK < T
because of the Coulomb blockade and the destruction of the
Kondo effect.
The thermoelectrical conductance L displays more interest-
ing features as shown in Fig. 2(g). Before addressing the ther-
moelectric effect ascribed to the Majorana physics, we first
need to understand the behavior of L due to the Kondo effect
itself. In the symmetric case, when δ = 0, with δ = 2d + U
electron-hole symmetry holds and the thermoelectrical con-
ductance vanishes completely. Away from this special situa-
tion (δ 6= 0) the Kondo resonance peak in Aµ(ω) is always
asymmetric: the Kondo peak is slightly shifted toward the
positive (negative) frequency part for δ > 0 (δ < 0), which
leads to a positive (negative) peak inL at T ∼ TK [60, 61]: As
shown in Fig. 2(g) L has a positive peak at T ∼ TK ∼ 10−4
since δ > 0. This asymmetry can be understood in terms of
the slope of the spectral density at the Fermi level F . From
the Luttinger theorem [62], the derivative of the spectral den-
sity is given by
∂Aµ()
∂
∣∣∣∣
=F
=
sin (2 〈nµ〉pi) sin2 (〈nµ〉pi)
pizµΓ2
, (11)
where zµ = 1/(1− ∂ΣRµ (F )), ΣRµ is the real part of the re-
tarded self-energy per spin and 〈nµ〉 is the dot occupation per
spin. For δ > 0 (δ < 0), 〈nµ〉 is less (larger) than 1/2 so the
derivative becomes positive (negative) and, accordingly, the
Kondo resonance is slightly shifted toward the positive (nega-
tive) frequency. At larger frequencies, the side peaks inAµ(ω)
are responsible for the two peaks in L at T ∼ |d| and |d+U |
whose signs are opposite. Hence, in the Kondo regime, L ex-
periences two sign changes as T increases from TK to high
temperatures as predicted in Ref. [60] and reproduced in our
calculations.
In the presence of the MF, on the other hand, an additional
peak, whose sign is opposite to that of the Kondo-induced
peak, occurs at T ∼ Γm < TK . It is surely due to the particle-
hole asymmetry of the half-dip in A↓(ω) whose width is Γm
[see Fig. 2(c)]. This asymmetry also originates from that of
the Kondo resonance peak. The destructive interference re-
sponsible for the dip is stronger at the frequency side in which
the Kondo peak is located. As a result, the dip is also slightly
shifted toward the same frequency side as the Kondo peak,
leading to the asymmetry of the dip in the spectral density
and the observed peak in L. As tm increases, the half-dip
is widened and eventually trims the Kondo resonance peak
when the dip width is comparable to the Kondo peak width
[see Fig. 2(c)]. Hence, the MF-induced peak in L disappears
when Γm ∼ TK .
B. Strong-coupling regime, Γm > TK
In the strong-coupling regime, the Kondo effect still sur-
vives but is modified as follows: First, the Kondo peak in
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FIG. 3. (Color online) Electric/thermoelectric transport features in
the SF case for m = 0. Left and right panels correspond to the
weak- (Γm < TK ) and strong-coupling (Γm > TK ) regimes, re-
spectively: [(a),(b)] electrical conductance and [(c),(d)] thermoelec-
trical conductance for annotated values of tm. Here we have used the
same values of the parameters as in Fig. 2.
A↑(ω) shifts with increasing tm [see Fig. 2(b)]. The peak
moves toward positive (negative) frequencies for δ > 0 (δ <
0). It is attributed to the induced Zeeman splitting ∆Z caused
by the Coulomb interaction and the broken time-reversal sym-
metry in the TSW [45]. While its unnormalized value for
tm  |d|, + U is given by
∆
(0)
Z = −
t2m
2
δ
(m + δ − d)(m − d) (12)
for a general value of m, in fact the renormalization due to
the coupling to the leads makes it larger than ∆(0)Z in magni-
tude [45]. On the other hand, A↓(ω) is not affected by the
induced Zeeman splitting because it is directly coupled to the
zero-energy MF and pinned to the Fermi level. The height of
piΓA↓(ω) is fixed at 1/2 [see Fig. 2(d)]. Since the Kondo peak
in A↑(ω) is shifted, the linear conductance at low tempera-
tures is smaller than the weak-coupling-limit value, 3e2/2h
and decreases to e2/2h as tm increases [see Fig. 2(f)].
The effect of the QD-MF coupling in the thermoelectrical
conductance is the shift of the Kondo-induced peak in L with
increasing tm [see Fig. 2(h)]. The shift is obviously due to that
of the Kondo peak in A↑(ω) by the induced Zeeman splitting
explained above. Hence, the position of the Kondo-induced
peak in L should follow the induced Zeeman splitting: T ∼
∆Z .
C. SF case
Now one should ask whether the observed MF-induced fea-
tures in L are the genuine effects of the Majorana physics or
not. For that purpose, we have repeated the same calculations
by using the Hamiltonian, Eq. (3) with a zero-energy spin-
polarized level (m = 0). First, we have obtained the qual-
itatively same spectral densities as in the MF case: A↑(ω)
features the Kondo resonance peak at ω = 0 in the weak-
6coupling regime and its peak moves due to the effective Zee-
man splitting in the strong-coupling regime. A↓(ω) also ex-
hibits the dip structure due to the anti-Fano resonance by the
side-coupled spin-polarized level. One and only difference
between two cases is that the dip in the SF case is a full dip
so that A↓(ω = 0) = 0. As a result, the low-temperature
value of the linear conductance, which is e2/h in the weak-
coupling regime, is decreased compared to the MF case [see
Figs. 3(a) and 3(b)]. However, the other features of the linear
conductance is the same as those in the MF case. The thermo-
electrical conductance also exhibits the same qualitative be-
havior as that of the MF case [see Figs. 2(c) and 2(d)]: the
appearance of the MF-induced peak at T ∼ Γm in the weak-
coupling regime and the shift of the Kondo-induced peak at
T ∼ ∆Z in the strong-coupling regime. Hence, for m = 0,
while the two cases exhibit different behaviors of the elec-
trical conductance, the measurement of the thermoelectrical
conductance cannot distinguish the MF state from the ordi-
nary spin-polarized state.
IV. SHORT TSW CASE: m 6= 0
The overlap between Majorana states depends on the rel-
ative length between the TSW length and the localization
length of the Majorana states. Hence, by changing the relative
length (for example, the TSW length by tuning the position-
dependent gate potential or the MF localization length by con-
trolling the superconducting gap and/or the gate potential), the
overlap amplitude m can be varied. Similarly, the level of
the ordinary spin-polarized state can be tuned by electric or
magnetic methods. In this section, we examine whether the
MF can display a genuine thermoelectric effect for finite m,
which cannot be reproduced by the SF level.
A. Weak-coupling regime, Γm < TK
The left panels of Fig. 4 show the QD spectral densities,
the linear conductance, and the thermoelectrical conductance
in the weak-coupling regime for m 6= 0. As for m = 0,
the Kondo peak in A↑(ω) remains intact irrespectively of the
value of m [see Fig. 4(a)]. An interesting change occurs in
A↓(ω): Inside the half-dip, a central peak is developed for
finite values of m [see Fig. 4(c)], which originates from the
interference between the MFs, γ1 and γ2. Finite coupling 2m
between γ1 and γ2 broadens the γ2 spectral density with the
width Γ′m ≈ (2m)2/Γm and in turn the scattering from the
resonance level of γ2 results in the destructive interference for
γ1, forming a full dip in the γ1 spectral density. Hence, inside
the dip, the anti-Fano resonance which suppressed the Kondo
effect does not happen any longer since γ1 which would in-
terfere with the QD spin has no excitation in that range of
energy, and the Kondo effect is restored. As m increases, the
central peak gets wider and the full Kondo resonance peak is
restored when Γ′m ∼ Γm or m ∼ Γm. The restoration of the
Kondo effect at low frequencies is well reflected in the linear
conductance for T < Γ′m [see Fig. 4(e)].
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FIG. 4. (Color online) Spin-resolved spectral densities and elec-
tric/thermoelectric conductances in the MF case for m 6= 0. Left
and right panels correspond to the weak- (tm = 10−5) and strong-
coupling (tm = 10−2) regimes, respectively: [(a),(b)] QD spin-↑
spectral density, [(c),(d)] QD spin-↓ spectral density, [(e),(f)] electri-
cal conductance, and [(g),(h)] thermoelectrical conductance for an-
notated values of m. Here we have used the same values of the
parameters as in Fig. 2.
The central peak in A↓(ω) due to the restoration of the
Kondo effect also has its trace on the thermoelectrical con-
ductance. Figure 4(g) shows that an additional peak in L at
T ∼ Γ′m is formed on top of L in the m = 0 case. In fact,
the central peak is also asymmetric like the original Kondo
peak. It should be noted that the dip in the γ1 spectral density
is symmetric since the MF always maintains the particle-hole
symmetry. So, the asymmetry of the central peak has the same
origin as the Kondo peak, and the signs of the Kondo-induced
peak and the finite-m-induced peak in L are always same.
As m increases up to ∼ Γm, the half-dip and the inner cen-
tral peak in A↓(ω) cancels out each other. Therefore, the two
MF-related peaks are merged and disappear completely when
m ∼ Γm, making L ≈ 0 for T  TK .
B. Strong-coupling regime, Γm > TK
In the strong-coupling regime the finite m removes the
half-fermionic Fano resonance at the Fermi level. As a re-
sult, piΓA↓(ω), which was pinned to 1/2 at ω = 0 for m = 0,
becomes larger than 1/2, restoring the Kondo correlation a bit
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FIG. 5. (Color online) Dynamical and electric/thermoelectric trans-
port features in the SF case for m > 0. Left and right pan-
els correspond to the weak- (tm = 5 × 10−4) and strong-coupling
(tm = 10−2) regimes, respectively: [(a),(b)] QD spin-↓ spectral
density, [(c),(d)] electrical conductance, and [(e),(f)] thermoelectri-
cal conductance for annotated values of m. Here we have used the
same values of the parameters as in Fig. 2.
[see Fig. 4(d)]. Instead, since the MF states are now energy-
split, the half-value pinning is retained in Γ′m < |ω| < Γm for
m < Γm. In the frequency windows |ω| < Γ′m we observe in
A↓(ω) an asymmetric peak (with a small dip in the opposite
side) whose position is approximately at ω ≈ −sgn(δ)Γm/pi.
The peak in A↓(ω) is located in the opposite side with respect
to the Zeeman-splitting peak in A↑(ω) [see Fig. 4(b)]. We
speculate that the asymmetric peak in A↓(ω) is the outcome
of the competition between the induced Zeeman splitting on
spin ↓ (so the peak would appear at ω ≈ −∆Z) and the half-
fermionic pinning at the energy-split MF level. Note that this
central peak has the opposite asymmetry with respect to that
in the weak-coupling regime. Hence, due to this asymmet-
ric peak structure, an additional peak in L arises at T ∼ Γ′m,
whose sign is opposite to that of the Kondo-induced peak [see
Fig. 4(h)]. Finally, owing to the increase in A↓(ω) at low fre-
quencies, the low-temperature value of the linear conductance
G increases a bit [see Fig. 4(f)].
For m  Γm, the MF levels which are at ±m do not
interfere with the Kondo resonant level any longer so that the
Kondo physics in the QD is completely revived [45]: The peak
in L at T ∼ Γ′m disappears.
C. SF case
It is obvious that the additional low-temperature features in
L of the MF case with finite m cannot be reconstructed by
the SF case with zero m. For the SF case, the effect of m
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FIG. 6. (Color online) (a) QD spin-↓ spectral density and (b) ther-
moelectrical conductance in the SF case for m < 0 in the weak-
coupling case. The corresponding values of m are annotated. Here
we use the same values of parameters as in the weak-coupling regime
of Fig. 5.
being finite on the QD spectral density is quite simple. A↑(ω)
is not so affected as long as |m| < Γm, and the full dip in
A↓(ω) due to the anti-Fano resonance by the spin-polarized
level is formed at ω = m/~ [see Figs. 5(a), 5(b) and 6(a)].
The only difference between the weak- and strong-coupling
regimes is whether the dip is so narrow as to be confined in-
side the Kondo resonance peak or wide enough to suppress it.
Hence, the electrical and thermoelectrical conductances are
qualitatively similar to those in the m = 0 case: compare
Figs. 3(a-d) and 5(c-f), respectively. Note that for m 6= 0
and in the weak-coupling regime the SF-induced peak in L
is formed at T ∼ m. For m < 0, the dip moves toward
the negative frequency [see Fig. 6(a)] so that the sign of the
SF-induced peak is reversed [see Fig. 6(b)].
Therefore, as reflected in Figs. 5 and 6, the SF case with fi-
nite m cannot reproduce the temperature dependence of L in
the MF case with finite m. Hence, the observed features of L
in the MF case are genuine effects only the MF can generate.
The reason why the MF and SF cases become distinguishable
from each other for m 6= 0 is that the MF state is particle-hole
symmetric while the SF state is not. In the MF case the only
source of the asymmetry is the Kondo effect while in the SF
case the SF level can also make the system asymmetric. For
m = 0 this difference did not show up since the levels are at
the Fermi level and particle-hole symmetric.
V. GATE DEPENDENCE OF THE THERMOELECTRICAL
CONDUCTANCE
In the previous sections it is shown that the MF adds addi-
tional peaks to the temperature dependence of L. Since the
MF is particle-hole symmetric, the finite L is attributed to the
asymmetry of the Kondo resonance peak, or in other words,
nonzero δ. Therefore, by tuning the value of δ or the gate
voltage on the QD, the magnitude and the sign of L can be
controlled. In this section we investigate the gate dependence
of L in the Kondo regime.
Before addressing the weak- and strong-coupling regimes
separately, we discuss the common features seen in both cases.
As shown in Figs. 7 and 8, the thermoelectrical conductance
vanishes at δ = 0, irrespectively of the values of the other pa-
rameters. It is because at δ = 0 the whole system is particle-
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FIG. 7. (Color online) Gate dependence of L in the weak-coupling
regime for [(a),(b)] long TSW case (m = 0 and tm = 10−6) and
[(c),(d)] short TSW case (m = 10−10 and tm = 10−5). In (b)
and (d) the thermoelectrical conductances L are drawn as functions
of δ at fixed temperatures, or along the straight lines in (a) and (c),
respectively: (1) MF-induced peak (T = 3.0 × 10−11), (2) Kondo-
induced peak (T = 1.3×10−4), (3) charge-fluctuation-induced peak
(T = 6.4 × 10−2), (4) restored-Kondo-induced peak (T = 3.7 ×
10−12), (5) MF-induced peak (T = 1.9 × 10−9), and (6) Kondo-
induced peak (T = 1.0× 10−3).
hole symmetric even with nonzero m. In addition, L is al-
ways odd function upon δ → −δ. It is attributed to the fact
that the MF is particle-hole symmetric and the QD is the only
source for the asymmetry. Therefore, as the temperature (and
other parameters) changes, the sign of L changes globally as
observed in the non-interacting case [34].
A. Weak-coupling regime, Γm < Tk
Figure 7 shows the thermoelectrical conductance as a func-
tion of the temperature T and the asymmetry parameter δ (or
the QD level) in the weak-coupling regime of both the m = 0
and m 6= 0 cases. The main qualitative features of the tem-
perature dependence of L observed in the previous sections
do not change with δ, as seen in Figs. 7(a) and 7(c). Instead,
the position and height of the peaks are gradually changed.
Owing to the dependence of the Kondo temperature on the
QD level, the Kondo-induced peaks [see curves (2) and (6) in
Fig. 7] move toward the larger temperature as |δ| increases.
However, the MF-related peaks, that is, the MF-induced and
restored-Kondo-induced peaks [see curves (1), (4) and (5) in
Fig. 7] do not move so much upon changing δ since Γm and
Γ′m are quite immune to the QD level in the weak-coupling
regime [see Figs. 7(a) and 7(c)]. The heights of the peaks usu-
ally increase with increasing |δ| [see Figs. 7(b) and 7(d)]. It is
because the asymmetry is the larger for the larger |δ|.
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FIG. 8. (Color online) Gate dependence of L in the strong-coupling
regime for [(a),(b)] long TSW case (m = 0 and tm = 0.02) and
[(c),(d)] short TSW case (m = 10−6 and tm = 0.05). In (b) and
(d) the thermoelectrical conductances L are drawn as functions of δ
at fixed temperatures, or along the straight lines in (a) and (c), re-
spectively: (1) Zeeman-splitting-induced peak (T = 1.0 × 10−3),
(2) charge-fluctuation-induced peak (T = 1.3× 10−1), (3) restored-
Kondo-induced peak (T = 3.0× 10−11), and (4) Zeeman-splitting-
induced peak (T = 8.0× 10−3).
B. Strong-coupling regime, Γm > Tk
Finally, we consider the gate dependence of the thermo-
electrical conductance in the strong-coupling regime. As in
the weak-coupling regime, the main features of L discussed
before are present for all values of δ, as can be seen in Fig. 8.
For m = 0 [see Figs. 8(a) and 8(b)], the gate dependence
of L in strong coupling regime has similar behavior with the
weak-coupling regime: compare (2) and (3) in Fig. 7(b) with
(1) and (2) in Fig. 8(b), respectively. L increases with |δ|.
For m 6= 0 [see Figs. 8(c) and 8(d)], on the other hand, one
can observe a non-monotonic behavior of L with respect to
δ [see (3) in Fig. 8(d)]. In fact, the peak due to the restored
Kondo effect is shifted as δ is varied [see Fig. 8(c)]: the peak
first moves toward higher temperature as |δ| increases from
zero and at some value of |δ| the shift is reversed, returning
back as |δ| approaches U , while the change in the peak posi-
tion is within the order of magnitude ∼ Γ′m. This shift of the
peak results in the observed non-monotonic behavior of L at a
fixed temperature. Surely, in the strong-coupling regime, the
Majorana hybridization Γ′m should be renormalized depend-
ing on the value of d. While it is not easy to quantify the
renormalization, there is an intuitive way to understand the
non-monotonic behavior: The restore Kondo peak in A↓ in
the strong-coupling regime [see Fig. 4(d)] is related to the in-
duced Zeeman splitting ∆Z acting on the spin ↓, as mentioned
before. For small |δ|, ∆Z is also small [see Eq. (12)] such that
∆Z < Γ
′
m. In this case, the peak follows the induced Zeeman
splitting ∆Z , explaining the initial increase of the peak posi-
tion. However, once ∆Z exceeds Γ′m, the pinning by the MFs
prevents the peak from moving toward higher temperature fur-
ther. Instead, as |δ| increases, the QD density of states ρdot
increases due to the resonance levels, and accordingly Γ′m de-
9creases (note that Γ′m ∝ 1/Γm ∝ 1/ρdot). Hence, the peak in
A↓ moves toward lower temperature. This non-monotonic be-
havior of L is the outcome of the interplay between the Kondo
and Majorana physics so its experimental observation can be
much stronger evidence of the existence of the MFs.
VI. CONCLUSION
We have investigated the thermoelectric properties of
strongly correlated quantum dot side-coupled to the Majo-
rana fermions. The electrical conductance G and the ther-
moelectrical conductance L through QD are calculated using
the numerical renormalization group method in both weak-
and strong-coupling regimes. The side-coupled Majorana
fermion causes the anti-Fano resonance in weak-coupling
regime and the induced Zeeman splitting in strong-coupling
regime. These two effects considerably modify the shape of
the Kondo resonance peak in the QD spectral densities and
eventually transform the structure of L and G. Especially,
with a finite overlap between MFs (m 6= 0), the thermo-
electrical conductance L exhibits conspicuous characteristics
– additional peaks in L and the non-monotonic dependence of
L on the gate voltage – which cannot be attained by an ordi-
nary fermion. We expect that our work can act as a guide for
finding the unique signal of Majorana fermion in thermoelec-
tric devices.
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